In this paper we study asymptotic behavior of a class of stochastic plate equations with rotational inertia and Kelvin-Voigt dissipative term. First we introduce a continuous random dynamical system for the equation and establish the pullback asymptotic compactness of solutions. Second we consider the existence and upper semicontinuity of random attractors for the equation.
1.
Introduction. It is well known that the stochastic differential equations play an important role in understanding nonlinear phenomena. In the past decades, the asymptotic behavior of the random dynamical system has been studied extensively by many mathematicians because of the importance in the field of the mathematical physics; see [6, 7] and references therein. The random attractors of stochastic partial differential equations have been investigated on the bounded domain by several authors, for example, in [4, 5, 8, 17] .
In the case of unbounded domain, the existence of random attractors have been established recently for some stochastic equations with additive noise or multiplicative noise in [3, 10, 21, 22, 23, 26, 27, 28] . The main difficulty on the unbounded domain is caused by the non-compactness of Sobolev embeddings, which is closely related to the asymptotic compactness of solution operators, see [1, 20] . In order to overcome such difficulty, the tail-estimates method along with the splitting technique can be often used in dealing with these problems, for example see [21, 27] .
The purpose of this paper is to consider the following stochastic plate equations with rotational inertia and Kelvin-Voigt dissipative term defined in the entire space R n :
with the initial value conditions u(x, τ ) = u 0 (x), u t (x, τ ) = u 1 (x), (1.2) where x ∈ R n , t > τ with τ ∈ R, is a positive parameter, λ, β > 0, α is a proper positive constant, which will be given later, f is a nonlinear function satisfying certain growth and dissipative conditions, g ∈ L 2 (R n ), h ∈ H 1 (R n ), the term −∆u tt is called the rotational inertia and −∆u t is called the Kelvin-Voigt dissipative term, w is a two-sided real-valued Wiener process on a probability space.
The following comments regarding the model (1.1) are helpful for a better understanding of the challenges one is faced with when dealing with the asymptotic analysis of the long time behavior.
• Rotational terms: The parameter β is proportional to the square of the thickness of the plate and is assumed 0 < β < 1. It should be noted that the rotational model (β > 0) is of hyperbolic type (with a finite speed of propagation) while the non-rotational model (β ≡ 0) is of Petrovsky type (with an infinite speed of propagation).
• Interaction of dissipation with rotational inertia. The strength of the dissipation necessary to obtain the desirable long time behavior of the dynamical system must be calibrated with the kinetic energy (the so called mass terms). The stronger kinetic energy the stronger damping is required in hyperbolic dynamics. In the irrotational case, a simple frictional damping u t suffices to derive the attractors. However, in the rotational case much stronger damping is necessary. This leads to the necessity of considering −∆u t as a dissipative mechanism.
• The terms −∆u and αu t in (1.1) suffices to derive the closed random absorbing set.
Plate equations have been investigated for many years due to their importance in some physical areas such as vibration and elasticity theories of solid mechanics. The global attractors of the deterministic plate equation (i.e. h = 0) have been studied extensively in many literatures, see, e.g., [2, 9, 15, 19, 29, 31, 32, 35, 36, 38] for the case of the bounded domain and [11, 12, 13, 30, 37] on unbounded domain. Yang [33] obtained the existence of the global attractors for the following elastic waveguide model in R n u tt − ∆u − ∆u tt + ∆ 2 u − ∆u t + u t + u − ∆g(x, u) = f (x), in R n × R + , u(x, 0) = u 0 (x), u t (x, 0) = u 1 (x), x ∈ R n .
For the related work to the equation containing the rotational inertia and Kelvin-Voigt dissipative term, one can also see [34] and the references therein.
The random attractors of stochastic plate equations defined in bounded domains have been investigated by several authors in [14, 18] and the references therein. However, when the domains are unbounded, the existence of such attractors is not well understood. In this paper, we will investigate the existence and upper semicontinuity of a random attractor for stochastic plate equations with rotational inertia and Kelvin-Voigt dissipative term on R n .
The framework of this paper is as follows. In the next Section, we recall some definitions and already known results concerning random attractors. In Section 3, we define a continuous random dynamical system for Eq.
Then we derive all necessary uniform estimates of solutions in Section 4. In Section 5, we prove the existence and uniqueness of tempered random attractor for the stochastic plate equations. Finally, in Section 6, we prove the upper semicontinuity of random attractors as to zero.
Throughout the paper, the letters c and c i (i = 1, 2, . . .) are generic positive constants which may change their values from line to line or even in the same line.
2.
Preliminaries. In this section, we recall some basic concepts related to random attractors for stochastic dynamical systems.
Let X be a separable Banach space and (Ω, F, P) be the standard probability space, where Ω = {ω ∈ C(R, R) : ω(0) = 0}, F is the Borel σ-algebra induced by the compact open topology of Ω, and P is the Wiener measure on (Ω, F). There is a classical group {θ t } t∈R acting on (Ω, F, P) which is defined by
(2.1)
We often say that (Ω, F, P, {θ t } t∈R ) is a parametric dynamical system. The following four definitions and one proposition are from [24] .
is called a continuous random dynamical system (RDS) on X over a metric dynamical system (Ω, F, P, {θ t } t∈R ) if for all ω ∈ Ω and t, s ∈ R + , the following conditions (1)-(4) are satisfied:
Hereafter, we assume Φ is a continuous RDS on X over (Ω, F, P, {θ t } t∈R ), and D is the collection of all tempered families of nonempty bounded subsets of X parameterized by ω ∈ Ω:
D is said to be tempered if for every c > 0 and ω ∈ Ω, the following holds:
Φ is said to be D-pullback asymptotically compact in X if for all ω ∈ Ω, the sequence
(2.5) If, in addition, K(ω) is closed in X and is measurable in ω with respect to F, then K is called a closed measurable D-pullback absorbing set for Φ.
Definition 2.3. A family A = {A(ω)
: ω ∈ Ω} ∈ D is called a D-pullback attractor for Φ if the following conditions (1)-(3) are fulfilled: for all t ∈ R + and ω ∈ Ω, (1) A(ω) is compact in X and is measurable in ω with respect to F.
(2) A is invariant, that is,
where d H is the Hausdorff semi-distance given by d H (F, G) = sup u∈F inf v∈G ||u − v|| X , for any F, G ⊂ X.
As in the deterministic case, random complete solutions can be used to characterized the structure of a D-pullback attractor. The definition of such solutions are given below.
If, in addition, there exists a tempered family D = {D(ω) : ω ∈ Ω} such that Ψ(t, ω) belongs to D(θ t ω) for every t ∈ R and ω ∈ Ω, then Ψ is called a tempered random complete solution of Φ.
Proposition 2.1. Suppose Φ is D-pullback asymptotically compact in X and has a closed measurable D-pullback absorbing set K in D. Then Φ has a unique D-pullback attractor A in D which is given by, for each ω ∈ Ω,
3. Random dynamical systems. In this section, we outline some basic settings about (1.1)-(1.2) and show that it generates a continuous random dynamical systems in H 2 (R n ) × H 1 (R n ). Let −∆ denote the Laplace operator in R n , A = ∆ 2 with the domain D(A) = H 4 (R n ). We can also define the powers
is a Hilbert space with the following inner product and norm
For brevity, the notation (·, ·) for L 2 -inner product will also be used for the notation of duality pairing between dual spaces, · denotes the L 2 − norm.
We denote H = H 2 (R n ) × H 1 (R n ). We define a new norm · H by
where stands for the transposition.
Let z = u t + δu, where δ is a small positive constant whose value will be determined later, then (1.1)-(1.2) can be rewritten as the equivalent system
with the initial value conditions
where z 0 (x) = u 1 (x) + δu 0 (x), x ∈ R n . Let F (x, u) = u 0 f (x, s)ds for x ∈ R n and u ∈ R. The function f will be assumed to satisfy the following conditions,
where > 0, 1 ≤ k ≤ n+4 n−4 for n ≥ 5; 1 ≤ k < +∞ for n ≤ 4. Note that (3.4) and (3.5) imply
Next, we convert the stochastic system (3.2)-(3.3) into a deterministic system with a random parameter. Let
Following the arguments of [16, 20] , it can be proved that problem (3.9)-(3.10) with (3.4)-(3.7) is well-posed in H 2 (R n ) × H 1 (R n ), meaning for P − a.e.ω ∈ Ω, τ ∈ R and (u 0 , v 0 ) ∈ H 2 (R n ) × H 1 (R n ), problem (3.9)-(3.10) has a unique solution (u(·, τ, ω), v(·, τ, ω)) ∈ C([τ, ∞), H 2 (R n )×H 1 (R n )) with (u(τ, τ, ω), v(τ, τ, ω)) = (u 0 , v 0 ). The solution is continuous with respect to (u 0 , v 0 ) in H 2 (R n ) × H 1 (R n ). Occasionally the solution is written as (u(t, τ, ω, u 0 ), v(t, τ, ω, v 0 )) to emphasize the dependence of (u, v) on the initial conditions (u 0 , v 0 ). A random dynamical system for the problem is now defined. For the remainder of this paper let the mapping Φ :
Then Φ is a continuous random dynamical system over (Ω, F, P, {θ t } t∈R ). It is easy to verify that for all ω ∈ Ω and t ≥ 0, Φ satisfies the identity
Now let D be the collection of all tempered random subsets of H 2 (R n ) × H 1 (R n ), and we will prove that Φ has a D-random attractor.
Uniform estimates of solutions.
In this section, we derive some uniform estimates on the solutions of the stochastic plate equations (3.9)-(3.10) defined on R n when t → ∞. These estimates are necessary for proving the existence of bounded absorbing sets and the asymptotic compactness of the random dynamical system associated with the equations. In particular, we will show that the tails of the solutions for large space variables are uniformly small when time is sufficiently large.
Let δ be a fixed small positive constant such that
For convenience, we write
where c 2 is the positive constant in (3.5).
4)
where R 1 (ω) is a positive random function with
Proof. Taking the inner product of the second equation of (3.9) with v in L 2 (R n ), we find that 1 2
By the first equation of (3.9), we have
Then substituting the above v into the fifth, sixth, seventh and last terms on the left-hand side of (4.5), we find that
(4.10)
Substituting (4.7)-(4.10) into (4.5) produces
Notice that, by Hölder's inequality and Young's inequality,
It follows from (3.5) that
In line with the conditions (3.4) and (3.6), we have
Then substituting (4.12)-(4.18) into (4.11) produces
The combination of (4.2) with (4.19) yields
Multiplying by e σt and integrating from τ to t on both sides of above inequality, simplifyly, we get
It's easy to get from (3.8) that
According to (3.6) we arrive that 
Therefore, the right hand side of (4.24) is bounded by the bound c(1 + R(ω)). Let R 1 (ω) = c(1 + R(ω)). Then the proof will be completed if we can show that R 1 (ω) is tempered. Without loss of generality, we assume γ ≤ σ. Then we have
which along with (4.24) implies Lemma 4.1.
26)
where R 2 (ω) is a positive tempered random function.
Proof. Taking the inner product of the second equation of (3.9) with A 1 2 v in L 2 (R n ), we find that 1 2
Similar to the proof of Lemma 4.1, we have the following estimates:
By Hölder's inequality and Young's inequality,
(4.32)
For the last term on the left-hand side of (4.27), thanks to (3.7), we have
(4.33)
Note that g ∈ L 2 (R n ) and h 1 ∈ H 3 (R n ), it follows from (4.27)-(4.33) and (4.1) that
then by (4.2), we get
Multiplying by e σt and integrating from τ to t on both sides of above inequality, simplifyly, we have
Similar to the remainder of Lemma 4.1, there exists a positive random function
The proof is completed.
The next lemma provides bounds on v t in H 1 (R n ).
Proof. From (4.20), we have
(4.38)
Multiplying (4.38) by e σ k t and then integrating over (τ, t), we get 
(4.41)
Taking the inner product of the second equation of (3.9) with v t in L 2 (R n ), one gets
For the terms on the right hand side of (4.43) we have the following estimates:
Combing (3.4) with Gagliardo-Nirenberg interpolation inequality, we also have 
Therefore, by (4.42) and Lemma 4.2, we get from (4.47) that for all τ ≤ T and
Lemma 4.3 is proved.
Given r ≥ 1, denote H r = {x ∈ R n : |x| < r} and R n \ H r the complement of H r . To prove asymptotic compactness of solution on R n , we prove the following lemma. 
Proof. Choose a smooth function ρ such that 0 ≤ ρ ≤ 1 for s ∈ R, and
Then, there exist constants
Now we consider the random equation (3.9)-(3.10). Taking the inner product of the second equation of (3.9) with ρ( |x| 2
Substituting v in (4.6) into the fourth, fifth, sixth and last terms on the left-hand side of (4.50), using Young inequality and the Sobolev interpolation inequality
4µ 1 x r 2 |(∆u)(∇v)|dx
(4.54) 
Next, we estimate each term on the right side of the inequality (4.50).
(4.60)
Then it can be inferred from (4.50)-(4.60) that
Recall that η 1 ∈ L 2 (R n ), η 2 , η 3 ∈ L 1 (R n ), g ∈ L 2 (R n ), h 1 ∈ H 3 (R n ) and ρ( |x| 2 r 2 ) = 0 for |x| ≤ r. Then for any η > 0, there exists a r 1 = r 1 (η) ≥ 1 such that for all r ≥ r 1 , 
Multiplying e 2σt on both sides of above inequality and then integrating from τ to t with t ≤ 0, we obtain for all r ≥ r 1 , Similarly to the discussion of (4.24), there exists T = T (B, ω, η) < 0 such that for all τ ≤ T ,
(4.65)
On the other hand, by Lemmas 4.1, 4.2 and 4.3, there exist r 2 (η) ≥ r 1 (η) and T 1 ≤ T such that for all r ≥ r 2 and τ ≤ T 1 , the second term on the right-hand side of (4.64) is bounded by c ∈ R 4 (ω), where R 4 (ω) is a positive random variable. From this and (4.65), we obtain from (4.64) that, for all r ≥ r 2 and τ ≤ T 1 and
(4.67)
Since η 3 ∈ L 1 (R n ), by (4.67) we find that there is r 3 = r 3 (η) ≥ r 2 such that for all r ≥ r 3 , The proof is completed.
We now derive uniform estimates on high frequencies of solutions in bounded domains. These estimates will be used to establish pullback asymptotic compactness. Denote ρ = 1 − ρ where ρ is given by (4.49) . Given a positive inreger r and define 
(4.71) Considering the eigenvalue problem
The problem (4.72) has a family of eigenfunctions {e i } i∈N with the eigenvalues {λ i } i∈N :
, such that {e i } i∈N is an orthonormal basis of L 2 (H 2r ). Given n, let X n = span{e 1 , · · · , e n } and P n : L 2 (H 2r ) → X n be the projection operator. 
It follows from (4.70) and (5.3) 
Note that ρ( |x| 2 r 2 1 ) = 1 for |x| ≤ r 1 . Recalling (4.70), we find that {Y (0, −t m , ω)} is precompact in H(H r1 ), which along with (5.4) shows that the precompactness of this sequence in H(R n ). This completes the proof.
Theorem 5.2. Assume that g ∈ L 2 (R n ), h ∈ H 1 (R n ) and (3.4)-(3.7) hold. Then the random dynamical system Φ generated by (3.9)-(3.10) has a unique D-pullback attractor {A (ω)} ω∈Ω in H(R n ).
Proof. Note that Φ is pullback D-asymptotically compact in H(R n ) by Lemma 5.1. On the other hand, Φ has a pullback D-absorbing set by Lemma 4.1 Then the existence and uniqueness of a pullback D-attractor of Φ follow from Proposition 2.1 immediately. The proof is completed. 6 . Upper semicontinuity of pullback attractors. First, we present a criteria concerning upper semicontinuity of random attractors with respect to a parameter in [25] . Theorem 6.1. Let (X, · X ) be a separable Banach space and Φ 0 be an autonomous dynamical system with the global attractor A 0 in X. Given > 0, suppose that Φ is the perturbed random dynamical system with a random attractor A ∈ D and a random absorbing set E ∈ D. Then for P − a.e. ω ∈ Ω, (ii) there exists a 0 > 0, such that for P − a.e. ω ∈ Ω,
(iii) for P − a.e. ω ∈ Ω, t ≥ 0, n → 0, and x n , x ∈ X with x n → x, it holds that
Next, we will use Theorem 6.1 to consider an upper semicontinuity of random attractors A (ω) when → 0. To indicate the dependence of solutions on , we respectively write the solutions of problem (3.9)-(3.10) as u ( ) and v ( ) , that is,
(6.1) When = 0, the random problem (3.2)-(3.3) reduces to a deterministic one:
0 (x).
(6.2)
Accordingly, by Theorem 5.2 the deterministic and autonomous system Φ 0 generated by (6.2) is readily verified to admit a global attractor A 0 in H(R n ). A (ω).
(6.5)
For another, by (6.4), the proof of Lemma 5.1, Lemma 4.5 and the invariance of A (ω), we know that there exists r 1 = r 1 (ω, ε) ≥ r 0 such that for all r ≥ r 1 , the set 0< ≤1 A (ω) is precompact in H(H k ), which together with (6.5) implies that 0< ≤1 A (ω) is precompact in H(R n ).
(iii) Let Φ (0) = (u (0) , z (0) ) be a mild solution of (6.2) with initial data Φ (6.6) First taking the inner product of the second equation of (6.6) with V in L 2 (R n ), and then using the first equation of (6.6) to simplify the resulting equality, we obtain
+2 ω(t)(∆U, ∆h 1 (x)) − 2(α − δ) ω(t)(h 1 (x), V ) −2(1 − βδ) ω(t)(∇h 1 (x), ∇V ) + (f (x, u (0) ) − f (x, u ( ) ), V ). (6.7) By (3.7), the nonlinear term in (6.7) satisfies
(6.8)
By Young's inequality, we find the remaining terms on the right hand of (6.7) are bounded by V 2 + β ∇V 2 + (λ − αδ + δ 2 ) U 2 + (1 − δ + βδ 2 ) ∇U 2 + ∆U 2 + c(1 + |ω(t)| 2 ) which along with (6.7) and (6.8) implies d dt ( V 2 + β ∇V 2 + (λ − αδ + δ 2 ) U 2 + (1 − δ + βδ 2 ) ∇U 2 + ∆U 2 ) =c( V 2 + β ∇V 2 + (λ − αδ + δ 2 ) U 2 + (1 − δ + βδ 2 ) ∇U 2 + ∆U 2 ) + c(1 + |ω(t)| 2 ). (6.9)
Applying Gronwall inequality to (6.9) over (τ, t), we have u ( ) (t, τ, ω, u 
